Introduction
During the analysis of real biomedical signals it can almost always be seen noise that distorts the image. The presence of interference is associated with the specific acquisition of these signals. For example in the case of bioelectric signals, disturbances may come from the hardware retrieves those signals, the powerline or the bioelectric activity of body cells. The bioelectric signals, which are widely used in most fields of biomedicine, are generated by nerve cells or muscle cells. The electric field propagates through the tissue and can be acquired from the body surface, eliminating the potential need to invade the biosystem. However, using surface electrodes results in high amplitude of noise and the noise should be suppressed to extract a priori desired information (Bruce, 2001 ). There are many approaches to the noise reduction problem while preserving the variability of the desired signal morphology. One of the possible methods of noise attenuation is low-pass filtering such as arithmetic mean. The classical band-pass filtering is very simple method but also very ineffective because the frequency characteristics of signal and noise significantly overlap. Therefore there are developed other methods of noise attenuation based on transforming the input space of signal and creating a new space with the help of discrete cosine transform (Paul et al., 2000) or wavelets transform (Augustyniak, 2006) , based on fuzzy nonlinear regression (Momot et al., 2005) , nonlinear projective filtering (Kotas, 2009 ), higher-order statistics at different wavelet bands (Sharma et al., 2010) or extreme points determination by mean shift algorithm and dynamical model-based nonlinear filtering (Yan et al., 2010) . In the case of repeatable biomedical signals, another possible method of noise attenuation is the synchronized averaging (Jane et al., 1991) . The method assumes that the biomedical signal is quasi-cyclic and the noise is additive, independent and with zero mean. Averaging could be performed by simple arithmetic mean or its generalization, namely weighted mean where the weights are tuned by some adaptive algorithm. Recently there have been published several works concerning different approaches to the problem of determining the weights. The algorithm of adaptive estimation of the weights is described in (Bataillou et al., 1995) . In (Leski, 2002) there is described method of estimation of the weights based on criterion function minimization. Application of Bayesian inference to the weights estimation problem is presented in (Momot et al., 2007a) and (Momot, 2008b) . Weighted averaging method based on partition of input data set in time domain is described in (Momot et al, 2007b) . The generalization of the method is presented in (Momot, 2008a) . In (Momot, 2009a) , there is presented comparative study of performance of weighted averaging methods using Bayesian inference and criterion function minimization. There were also published works describing algorithms based on fuzzy approaches to the problem of determining the weights. In (Momot, 2009b) , there is presented the new weighted averaging method incorporating Bayesian and empirical Bayesian inference and its extension using fuzzy systems with fuzzy partitioning of the single repeatable input signal in the time domain. In (Momot & Momot, 2009c) , there is described the weighted averaging method, where the weighting coefficients are fuzzy numbers instead of classical real numbers. Moreover in (Momot, 2010) , there is presented an application of Bayesian weighted averaging to digital filtering 2D images. Most of the mentioned above methods of weighted averaging were presented with application to noise suppression in ECG signal, the typical biomedical signal with a quasi-cyclical character. In the case of ECG signal the averaging in the time domain is only one of many methods of noise attenuation, but in some medical applications the averaging is the only method taken into account. For example in order to evaluate some clinical indexes based on the ST depression, such as ST versus HR (ST/HR) diagram or ST/HR hysteresis, the averaged ECG beats are necessary to compute (Bailon et al., 2002) . Another example of biomedical repeatable signal in which noise attenuation can be performed using averaging methods is the high resolution electrocardiographic signal (HRECG). Methods of averaging help in detecting very low amplitude waves (which are called late potentials) originating in the ventricles of abnormal heart conditions patients (Laciar & Jane, 2001) . Signal averaging methods are also required in the case of evoked potentials (EP), the electrical potentials recorded from the nervous system of patients, which are effects of a stimulation (in contrast to the spontaneous potentials as in the case of electroencephalography (EEG) or electromyography (EMG)) (Davila, 1992) . Traditional arithmetic averaging technique can be used when the noise is stationary (it is constant level of power noise) throughout the averaging period. If this condition is violated, increasing the input noise level during the averaging process results in increasing the residual noise and deteriorating quality of the averaged signal. Unfortunately, the physiological noise level often varies in tests, even if strict artifact rejection is applied (Elberling & Don, 2006) . Thus, using methods of weighted averaging is motivated by the reason that most types of noise are not stationary and the variability of noise power can be observed. The aim of this study is to reveal the fundamental differences among the mentioned versions of the weighted averaging methods and to present how these differences affect the quality of the averaged signal. In section 2, the necessary details of the compared methods are reminded. The differences among them and their applications are studied based on numerical experiments in section 3. The final conclusions are formulated in section 4.
Fundamental of weighted averaging
The biomedical signal with repetitive patterns can be (after segmentation and synchronization) represented by:
where N is the number of cycles to be averaged, and L is the length of the single cycle. Typical assumption states that each signal cycle x i (j) is the sum of the signal s(j), which is deterministic and invariant from cycle to cycle, and the random noise n i (j) with zero mean and variance cycle σ 2 i (the noise remains stationary within each evolution, but its variance may vary from one cycle to the other). The assumptions and symbols are based on (Laciar & Jane, 2001 ). The weighted averaged cycle can be expressed as:
where w i is the weight for ith signal cycle. Usually, there is taken the assumption that the weights sum up to one (∑ N i=1 w i = 1), which leads to the unbiased estimation. Depending on the choice of the weights, different types of the signal averaging methods can be defined. The simplest method is arithmetical averaging, where all weights are the same, equal to M −1 . The classical procedure assumes that the weights are proportional to the inverses of corresponding variances Johnson & Bhattacharyya (2009) :
which leads to obtaining the arithmetical averaging weights if the noise power is the same in all cycles. However, in practice the variability of noise power is observed and it is impossible to measure the variances directly. Thus there are employed different methods to estimate the noise variances or to compute the optimal weights without direct estimation of the noise variance. These two approaches will be presented below. The Bayesian methods incorporate estimation of the noise variations and methods using criterion function minimization usually lead to direct computation of the weights.
Methods based on criterion function minimization
The noise variance, which appears in formula (3), can be estimated according to the formula (Laciar & Jane, 2001) 
where L is a length of the averaging window and n i is the mean value of the estimated noise component of ith cycle in the averaging window. Assuming that the signal is deterministic and invariant from cycle to cycle and the noise has zero mean, the estimated noise component can be described by:
and the formula (4) may be written in simplified form:
where x(j) is the averaged cycle in the analysis window. It is worth noting that formula (6) contains x(j) defined by (2) and (3), thus the use an iterative determination of these values could improve the estimation. Generalization of this approach may lead to presented below Weighted Averaging method based on Criterion Function Minimization (WACFM) (Leski, 2002) . Another method described below is Weighted Averaging method based on Partition of input data set in time domain and using criterion function Minimization (WAPM) (Momot et al, 2007b ) and generalization of the method (Momot, 2008a) .
Weighted averaging method based on criterion function minimization
The main idea of the Weighted Averaging method based on Criterion Function Minimization (WACFM) (Leski, 2002) is minimization the following scalar criterion function:
where m ∈ (1, ∞) is a weighting exponent parameter and ρ(·) is a measure of dissimilarity for vector arguments, i.e.
The measure of dissimilarity could be for example the quadratic function ρ(t) = t 2 = t T t and then the formula (7) can be expressed as:
Minimization the criterion function with respect to the weights vector w = [w 1 , w 2 , . . . , w N ] T yields:
and for the quadratic function ρ it can be expressed as:
It is worth noting that for the parameter m = 2 this formula is equivalent to the formula (3) with variance estimated by the formula (6). However, the obtained for the quadratic function ρ averaged signal is given by:
which is not exactly equivalent to the formula (2). The optimal solution for minimization (7) with respect to w and x is a fixed point of (10) and (11) and it could be obtained from the Picard iteration. Therefore the algorithm can be described as follows, where ε is a preset parameter.
1. Fix m ∈ (0, ∞). Initialize x (0) as the arithmetically averaged signal. Set the iteration index k = 1.
2. Calculate w (k) for the kth iteration using the formula (10).
3. Update the averaged signal for the kth iteration x (k) using the formula (11) and w (k) .
If w
It is suggested to set parameter m = 2, because if parameter m tends to one, then the trivial solution is obtained where only one weight is equal to one and for large m the weights are similar to each other, like in arithmetic averaging (Leski, 2002) .
Weighted averaging method based on partition of input data set
Below it is described the Weighted Averaging method based on Partition of input data set in time domain and using criterion function Minimization (WAPM) (Momot et al, 2007b ) and generalization of the method (Momot, 2008a) . The main idea of the WAPM is minimization the following scalar criterion function:
where the input set x = [x 1 , x 2 , . . . ,
is divided into two disjoint subsets x 1 and x 2 and w 1 and w 2 are the weights vectors, respectively. Taking into account the constraints w T 1 1 = 1 and w T 2 1 = 1, which mean that sum of weights for each vector is equal to one, minimization (12) with respect to the weights vectors yields:
and
The optimal solution for minimization (12) with respect to w 1 and w 2 is a fixed point of (13) and (14) and it could be obtained from the Picard iteration, which leads to the averaged signal given by:
where N 1 and N 2 are the cardinalities of the two disjoint subsets x 1 and x 2 , i.e. N 1 + N 2 = N. Although described above method involves partitioning of input set into two disjoint subsets, it can be generalized by increasing the number of disjoint subsets (Momot, 2008a) . The generalized WAPM algorithm can be described as follows, where ε is a preset parameter.
1. Determine partition of input set x into disjoint subsets x c with cardinalities N c , where c ∈ {1, 2, . . . , C}, N 1 + N 2 + . . . + N C = N and C ≥ 2. Calculate the following values, which remain constant during the whole iteration procedure: 
Calculate w (k)
1 for the kth iteration using
3. Calculate w (k) c for the kth iteration using
for c ∈ {2, . . . , C}.
> ε then k ← k + 1 and go to 2.
5. Calculate averaged signal
It is suggested to use this method with equal in number of elements subsets and interlaced partitioning, i.e. to divide the input set into subsets with cardinalities equal N/C, where each of the subset indexes was equal to one plus remainder in division cycle index by
, to obtain the best performance (Momot, 2008a) .
Methods based on statistical inference
Below there are presented weighted averaging methods, which incorporate Bayesian inference and the expectation-maximization technique: the Empirical Bayesian Weighted Averaging algorithm (EBWA) (Momot et al., 2007a) and the Empirical Bayesian Weighted Averaging using Cauchy distribution algorithm (EBWA.C) (Momot, 2008b) . There is also presented the Simplified Empirical Bayesian Weighted Averaging algorithm (SEBWA) using method of moments to estimate the unknown parameters of signal and noise distributions (Momot, 2009b) . All the Bayesian methods are based on the assumption that the random noise n i (j), which appears in signal cycle x i (j) (see formula (1)), is zero-mean Gaussian with variance for the ith cycle σ 2 i and the second component of the sum, i.e. the useful signal s = [s(1), s(2), . . . , s(L)], has also Gaussian distribution with zero mean and covariance matrix B = diag(η 2 1 , η 2 2 , . . . , η 2 N ). The zero-mean assumption for the useful signal expresses no prior knowledge about the real distance from the signal to the baseline. From the Bayes rule it could be calculated the posterior distribution over the useful signal and the noise variance, which is proportional to
where
j . The main idea of the Bayesian method is to maximize this posterior distribution. The values s and α, which maximize it, can be calculated by setting the derivative of the logarithm of the posterior distribution to zero with respect to α i and with respect to s(j) respectively. The values can be expressed as:
Unfortunately it is impossible to measure β j directly and the following methods estimate these values in different ways.
Empirical Bayesian weighted averaging algorithm
The Empirical Bayesian Weighted Averaging algorithm (EBWA) assumes the gamma prior for β j with scale parameter λ and shape parameter p for all j ∈ {1, 2, . . . , L} and exploits the iterative expectation-maximization technique (Momot et al., 2007a) . Conditional expected value of β j is given by:
Assuming that p is a positive integer, the estimateλ of hyperparameter λ can be calculated based on first absolute sample moment:
, or based on third absolute sample moment:
however in this case assumption that p is greater than 1 is required. Summarizing, the Empirical Bayesian Weighted Averaging (EBWA) algorithm can be described as follows, where ε and p are preset parameters.
1. Initialize s (0) ∈ R L as in the case of arithmetical averaging (all the same and equal to N −1 ) and set iteration index k = 1.
2. Calculate the hyperparameter λ (k) using (24) in the case of EBWA.1 (or using (25) in the case of EBWA.3, but only for
3. Update the signal s (k) using (22), β It is suggested to use this method with parameter p = 1 (hence EBWA.1), because performed numerical experiments indicate that increasing values of p usually did not improve performance of the method (Momot, 2009a) .
Empirical Bayesian weighted averaging using Cauchy distribution algorithm
The presented above EBWA method requires assumption that certain parameter p is a positive integer. The observation that increasing values of p usually did not improve performance of the method has become the motivation to extension of the algorithm for some values of p < 1. It can be observed that for p = 1 2 , function p(s(j)|λ) is Cauchy probability distribution function:
with the scale parameter equal to √ 2λ and the location parameter equal to 0. All absolute moments of the Cauchy distribution are infinite, but the first and third quartiles are the linear functions of scale parameter:
Thus the hyperparameter λ can be estimated based on sample interquartile range:
Therefore the Empirical Bayesian Weighted Averaging using Cauchy distribution algorithm (EBWA.C) can be described as follows, where ε is a preset parameter (Momot, 2008b 
and go to 2, else set the averaged signal x = s (k) and stop.
Simplified empirical Bayesian weighted averaging algorithm
Below there is presented the Simplified Empirical Bayesian Weighted Averaging algorithm (SEBWA) which does not use hierarchical probabilistic model and does not require the determination of parameter p. In this method the unknown parameters of signal and noise distributions are estimated using method of moments (Momot, 2009b ). Giving assumption as described previously, but β = η −2
N , the posterior distribution of signal (see formula 20) can be calculated from the Bayes rule explicitly as Gaussian distribution with mean vector m:
and covariance matrix equal to γ −1 multiplied by the identity matrix of dimension L, where
Therefore the original signal s can be estimated asm using (29) and the unknown parameters α i for i ∈ {1, 2, . . . , M} and β can be estimated using method of moments (the estimated parameters of random distribution are expressed in terms of its moments which are substituted by the corresponding sample moments). Values α
are noise variations in each cycle and taking into account the mean equals zerô
Value β −1 is variation of the original signal and taking into account the zero-mean assumption
Therefore the Simplified Empirical Bayesian Weighted Averaging algorithm (SEBWA) can be described as follows, where ε is a preset parameter. (29), β (k) and α It is suggested to use this method with fuzzy partition of signal cycle (this extension is presented in the next subsection), because the numerical experiments indicate that the simplified Bayesian method gives worse results with compare to the EBWA method, however using this method with fuzzy partition gives much better results with compare to the EBWA method (even EBWA with fuzzy partition) (Momot, 2009b) .
Fuzzy extensions to weighted averaging methods
This subsection presents two aspects of possible fuzzy extensions applied to weighted averaging methods: fuzzy partition of signal cycle proposed in (Momot, 2009b) and using the fuzzy numbers as coefficients of weight vector instead of classical real numbers (applied to described above WACFM method in (Momot & Momot, 2009c) ).
Fuzzy partition of signal cycle
The algorithms of weighted averaging can be extended by partition each signal cycle of the length L. The new idea of signal partition differs from previously presented in subsection 2.1.2 that earlier the set of N cycles was divided into disjoined subsets with cardinalities N c and now the partition concerns each cycle separately, i.e. the length of averaging window changes. The partition may be performed by using traditional (sharp) or fuzzy membership function. When the input signal is divided into K parts:
for k ∈ {1, 2, . . . , K}, this partition will be called sharp. Taking into account Gaussian membership function with location parameter equal a k = (k − 0.5)L/K (for k ∈ {1, 2, . . . , K}) and scale parameter b = 0.25L/K, defined by:
it is possible to divide the input signal into K fuzzy parts:
In both cases i is the cycle index i ∈ {1, 2, . . . , N} and j is the sample index in the single cycle j ∈ {1, 2, . . . , L} (all cycles have the same length L). The idea of this extension is to perform K times the averaging for k ∈ {1, 2, . . . , K} input data and then sum the weighted averages.
Although the partition may be performed by using traditional (sharp) or fuzzy membership function, the numerical experiments presented in (Momot, 2011) indicate that in the case of sharp partition incorrectly chosen number of parts may result in even worse results than the one obtained for the arithmetic averaging. Therefore it is suggested to use the fuzzy partition rather than the sharp partition (especially for the signals with unknown characteristics).
Using fuzzy numbers as coefficients of weight vector
Another aspect of possible fuzzy extensions applied to weighted averaging methods is using the fuzzy numbers as coefficients of weight vector instead of classical real numbers. This idea was presented for described above WACFM method in (Momot & Momot, 2009c) , where the coefficients were replaced with symmetrical triangular fuzzy numbers. Consequently, the weighted average was a vector containing triangular fuzzy numbers and as the necessary to compute distance, between the input signal (vector of real numbers) and the averaged signal, was taken the distance between the real number and the α-cut of the corresponding fuzzy number.
The fuzzy membership function of a symmetrical triangular fuzzy number A can be expressed as:
where m A is the center point of the fuzzy number and r A is its radius. Thus, the α-cut of the fuzzy number A (α ∈ [0, 1]), defined as the ordinary subset {x ∈ R : μ A (x) ≥ α}, is given by:
The distance between a real number x and the α-cut of the symmetrical triangular fuzzy number A can be written explicitly as:
and when the arguments of distance function ρ α (·, ·) are N-dimensional vectors, the formula can be expressed as:
Therefore, the Fuzzy Weighted Averaging algorithm based on Criterion Function Minimization (FWACFM) can be described as follows, where ε is a preset parameter (Momot & Momot, 2009c) . It is assumed that values of parameters r (the radius of all symmetrical triangular fuzzy numbers) and α (the cutting level) remain constant during all iterations.
1. Determine parameters r and α. Initialize centers of fuzzy weights w (0) setting all the same values equal to N −1 . Set the iteration index k = 1.
2. Calculate vector of centers of fuzzy weights w (k) as:
for i ∈ {1, 2, . . . , N}.
3. Calculate the averaged signal as:
is a symmetrical triangular fuzzy number with center given by (40) and radius r.
4. If w (k−1) − w (k) > ε then k ← k + 1 and go to 2.
5. Calculate the final averaged signal as:
It is worth noting that during the iteration process both vectors: the averaged signal and the weights are treated as vectors of fuzzy numbers. At the end of the procedure the fuzzy averaged signal is defuzzified. This algorithm is generalization of the original WACFM method because for radius equal zero both methods are equivalent. The numeric experiments presented in (Momot & Momot, 2009c) indicate that for some positive values of radius parameter such generalization of WACFM method can outperforms the original method. However, further research for method of automatic determinating this parameter is needed because even small increasing its value could rapidly increase the root mean square error. Summarizing, taking into account higher computational complexity the Fuzzy WACFM algorithm than the original algorithm and difficulties in proper choosing the parameters r and α, usefulness of this method is rather limited. Therefore, the Fuzzy WACFM algorithm can be treated as an interesting theoretical study of the problem of using the fuzzy numbers as coefficients of weight vector instead of classical real numbers.
Adaptation of weighted averaging methods to 2D images
In the case of linear spatial filtering the response of the filter is given by a sum of products of the filter coefficients and the corresponding image pixels in the area spanned by the filter mask. For arithmetic mean filtering all the coefficients are the same and sum up to one. Mean filtering is often used to reduce noise in images due to its simplicity. It is an efficient method for reducing the amount of intensity variation between one pixel and the next. Mean filtering minimizes the influence of pixel values which are unrepresentative of their surroundings. Like the mean filter, the median filter considers each pixel in the image, looking at its nearby neighbors, to decide whether or not it is representative of its surroundings. It replaces the pixel value with the median of neighboring pixel values instead of replacing it with the mean of those values. Mean filtering is special case of weighted averaging filtering where the filter mask coefficients are nonnegative and sum up to one (often the pixel at the center of the mask is multiplied by a higher value than any other, thus giving this pixel more importance in the calculation of the average). In this context, median filtering can be treated as an adaptive weighted averaging filtering. For median filtering the mask coefficients are not always constant, there is only one non-zero coefficient (equal one) and which coefficient is non-zero depends on result of the sorting operation. When the mask coefficients are not constant there is a need of procedure how to compute the coefficients. Below there is presented a method for computing the values of the mask coefficient based on the described above weighted averaging method created originally for noise reduction in biomedical signal. The technique of adaptation of weighted averaging methods to digital filtering 2D images was introduced in (Momot, 2010) where the author used the Simplified Empirical Bayesian Weighted Averaging algorithm (SEBWA), which is described above in 2.2.3. Given the radius R of the square mask and the input image f of X × Y dimension, the output image g dimension is (X − 2R) × (Y − 2R). For each pixel f (x, y), i.e. x ∈ {R + 1, R + 2, . . . , X − R} and y ∈ {R + 1, R + 2, . . . , Y − R}, there is computed sum based on the neighborhood of the pixel which determines the pixels g(x, y) of the output image:
Each value g(x, y) could be calculated by one of the described above iterative algorithms. In the case of SEBWA method the algorithm is given by following procedure:
1. Initialize g(x, y) (0) as the arithmetic average:
If the sample variance of the neighborhood of the pixel:
is greater than zero, set the iteration index k = 1 else stop.
Calculate the hyperparameter α (k)
rs as:
and β (k) according to the formula:
3. Update the average g(x, y) (k) for kth iteration as: (Momot, 2010) evaluate this method with comparison to traditional arithmetic average filtering (mean filtering) and median filtering for synthetic and real images in presence of salt-and-pepper and Gaussian noise. Analyzing results of these methods in the case of salt-and-pepper noise (appearing as white and black dots superimposed on an image), it can be stated that using the new method gives results the same or slightly worse than the median filter. The mean filter for such type of noise gives poor results as expected, but the good results of the new method which originates from mean filtering is worth emphasizing. In the case of Gaussian noise analysis of the results shows that the best results are obtained for mean filtering as expected but the results for the new method are only slightly worse (median filter for such type of noise gives the worst results as expected). Because in reality noise is often characterized by mixture of these two types, the hypothesis that the new method will give the best results in such cases was suggested. Nevertheless the conducted so far numerical experiments do not confirm such hypothesis and taking into account high computational complexity of this method its usefulness seems to be rather limited. Therefore, similarly as in the case of described above the Fuzzy WACFM algorithm in subsection 2.3.2, this method could be treated as an interesting theoretical study of the adaptation of weighted averaging methods to 2D images.
If g(x, y)
(k) − g(x, y) (k−1) 2 > then k ← k + 1
Numerical experiments
In this section there is presented performance of the described above methods. In all experiments, using weighted averaging, calculations were initialized as the means of disturbed signal cycles and the parameter ε was equal to 10 −6 . For the computed averaged signal the performance of tested methods was evaluated by the root mean-square error (RMSE) between the deterministic component and the averaged signal. The maximal absolute difference between the deterministic component and the averaged signal (MAX) was also computed. The simulated signal cycles were obtained as the same deterministic component with added independent realizations of random noise. As the deterministic component was taken ECG signal ANE20000, analytical signal compliant with the European Standard EN 60601-2-51 (2003). It is the standardized analytical ECG signal from the CTS database (Zywietz et al., 2001) , designed to reproduce the typical ECG waveform with 60 bpm (beats per minute) heart rate. This section contains results of several numerical experiments, which show the differences among the weighted averaging methods and the possibility of their applications. First subsection presents the influence of the number of cycles to be averaged on the results of the averaging procedure, next shows the impact of changes in the amplitude and type of noise on the performance of the investigated methods and last subsection describes results obtained when the fuzzy and sharp partition of the ECG signal is applied.
Influence of the averaged cycles number on the results of the averaging procedure
A series N of ECG cycles was generated with the same deterministic component and zero-mean white Gaussian noise with different standard deviations or real muscle noise with different amplitude. The amplitude of noise was constant during each cycle. The parameter N was equal 20, 40, 60, 80 or 100. For the first, second, third and fourth N/4 cycles, the noise standard deviations were respectively 0.1s, 0.5s, 1s, 2s, where s is the sample standard deviation of the deterministic component. Figure 1 presents the signal to be averaged for N = 60. The amplitude of the signal is expressed in μV and the length of the deterministic signal L is equal 1000. AA -the traditional Arithmetic Averaging; WACFM -the Weighted Averaging method based on Criterion Function Minimization (the required parameter m is set to 2, it is the value suggested by author of the method in (Leski, 2002) );
WAPM -the Weighted Averaging method based on Partition of input data set in time domain and using criterion function Minimization (number after dot describes number of disjoint subsets of input data set);
SEBWA -the Simplified Empirical Bayesian Weighted Averaging method;
EBWA.1 -the Empirical Bayesian Weighted Averaging method with hyperparameter λ calculated based on first absolute sample moment (the required parameter p is set to 1, it is the value suggested by author of the method in (Momot, 2009a) );
EBWA.C -the Empirical Bayesian Weighted Averaging method using Cauchy distribution.
The results presented in table 1 show that all the weighted averaging methods give the similar values of RMSE or MAX except the WACFM method which gives the more than twice as worse results, although better than one obtained using traditional arithmetic averaging (AA). The best method in this case seems to be the EBWA.C and this applies to both Gaussian and muscle noise. The results of averaging 40 cycles contained in table 2 show that in the case of Gaussian noise all the weighted averaging methods give the similar values of RMSE or MAX. Although in the case of muscle noise the WACFM method once again gives the more than twice as worse results, although still better than one obtained using traditional arithmetic averaging (AA). The best method in this case seems to be the EBWA.C and this applies to both Gaussian and muscle noise. Table 3 . Results for averaging 60 cycles.
The results of averaging 60 cycles contained in table 3 show that all the weighted averaging methods give the similar values of RMSE or MAX both Gaussian and muscle noise (except of the WACFM method). Although the best method in this case seems to be the EBWA.C. As expected the results indicate that increasing number of cycles to be averaged decreasing the root mean square errors as well as the maximal absolute difference. Table 5 . Results for averaging 100 cycles.
The obtained results (tables 1 -5), which can be compared because of the same the noise characteristics in all conducted experiments, indicate that increasing number of cycles to be averaged N decreases the root mean square errors as well as the maximal absolute difference. Thus it seems to be obvious that the better results will be obtained when the N is larger. Although in real application this conclusion may not be held because of problem of time alignment which is critical in the analysis of repetitive signals. Attempt of improvement of signal quality by increasing number of cycles to be averaged increases also the risk of misalignment caused by both noise and signal nonstationarity.
Influence of noise amplitude changes on the results of the averaging procedure
In the previous subsection the noise amplitude changes between the cycles (constant during each cycle) were described by the following function, where N is the number of cycles to be averaged:
multiplied by s, the sample standard deviation of the deterministic component. Now by changing the function A 0 , which determines the noise amplitude changes within each cycle, the influence of noise level on the results of the averaging procedure is investigated. The number of cycles to be averaged is constant in the next experiments and equal 60. Figure 2 presents the cycles of the signal with added nonstationary Gaussian noise. The noise amplitude is described by following function: Fig. 2 . ECG signal to be averaged with the noise amplitude described by function A 1 (·). Table 6 presents the results of averaging 60 cycles obtained as RMSE (the root mean-square error between the deterministic component and the averaged signal) and MAX (the maximal absolute difference between the deterministic component and the averaged signal). Used abbreviations are the same as in the previous subsections. Comparing the results to the ones presented in table 3, it can be seen that despite the same range of noise amplitude level (from 0.1 to 2), now the results are worse in both cases: Gaussian and muscle noise. All the weighted averaging methods give the similar values of RMSE or MAX except the WACFM method which gives the more than twice as worse results, although better than one obtained using traditional arithmetic averaging (AA). It is worth noting that the WACFM method in the case of rapidly changing the noise amplitude showed numerical instability. Table 6 . Results in the case of the noise amplitude described by function A 1 (·).
All the presented above results show that all the weighted averaging methods give usually the similar values of RMSE or MAX, the methods based on statistical inference are slightly better than the methods based on criterion function minimization and the EBWA.C method seems to be the best. The next experiment show that this conclusion may not be held. Figure  3 presents the cycles of the signal with added nonstationary Gaussian noise to be averaged where the noise amplitude is described by following function:
(51) Fig. 3 . ECG signal to be averaged with the noise amplitude described by function A 2 (·). Table 7 presents the results of averaging procedure and it can be seen that in this case the best seems to be the WAPM methods, especially WAPM.2 where the input set is divided into two disjoint subsets. In the case of Gaussian noise this method gives the best results both for RMSE and MAX. In the case of real muscle noise this method gives the best result only for MAX and minimal RMSE is obtained for WAPM.3. Table 7 . Results in the case of the noise amplitude described by function A 2 (·).
Method
Another interesting fact is equal results for WACFM and all the methods based on Bayesian inference caused the possibility of only one non-zero weight. In this case the methods find the least disturbed cycle and set the corresponding weight equal to 1. In the case of WAPM method the least number of non-zero weights is equal to the number of disjoined subsets. Here this property proved to be effective.
In the next experiment the cycles of the signal are contaminated by added nonstationary Gaussian noise with the amplitude described by following function:
(52) Figure 4 presents the cycles of the signal and table 8 shows the results of averaging procedure in this case. Like previously all the weighted averaging methods give the similar values of RMSE or MAX (except the WACFM method), the methods based on statistical inference are slightly better than the methods based on criterion function minimization and the EBWA.C method seems to be the best. Fig. 4 . ECG signal to be averaged with the noise amplitude described by function A 3 (·). Table 8 . Results in the case of the noise amplitude described by function A 3 (·).
The last experiment study the results with presence of noise with amplitude characteristics described by:
The signal to be averaged is presented in figure 5 and table 9 shows the results of averaging procedure. In this case the best seems to be the WAPM.2 method. All the weighted averaging methods give the similar values of RMSE or MAX and equals for WACFM and all the methods based on Bayesian inference caused finding the least disturbed cycle and set the corresponding weight equal to 1. Table 9 . Results in the case of the noise amplitude described by function A 4 (·).
Influence of the partition of the signal on the results of the averaging procedure
Below there are presented results of numerical experiments which investigate how partition of the input signal affects the results of the averaging procedure. In the experiments it is studies both sharp and fuzzy partitions described in subsection 2.3.1 and because of numerical instability of WACFM algorithm the method is omitted. The number of parts K is in {2, 3, 4, 5} and for K = 1 the original method is used. Similarly to the previous subsection the number of cycles to be averaged is constant in the next experiments and equal 60. First experiment studies influence of the partition on the root mean square error in the case presented in figure 1 , where the signal is disturbed by zero-mean Gaussian noise with constant amplitude of noise during each cycle. For the first, second, third and fourth 15 cycles, the noise standard deviations were respectively 0.1, 0.5, 1, 2, multiplied by s, i.e. the sample standard deviation of the deterministic component. Results presented in table 3 show the RMSE equal 20.35780 in the case of the traditional arithmetic averaging method and the RMSE of the weighted averaging methods range from 3.569731 (EBWA.C) to 3.825289 (WACFM). This time the results are slightly different because of randomness of the noise and the RMSE for the traditional arithmetic averaging method is equal 22.09798. Detailed results for the weighted averaging methods are presented in table 10. The root mean square errors presented in table 10 are computed in both type of partitions: sharp and fuzzy, with taking into consideration varying number of parts K. Obviously for K = 1 the results obtained for sharp and fuzzy partitions are equal (the signal in the single cycle is not divided). Analyzing the results presented in table 10 it is easy to conclude that without the partition all method gives similar RMSE although the methods based on Bayesian inference (SEBWA, EBWA.1, EBWA.C) are slightly better. The partition in the case of methods based on criterion function minimization (WAPM.2, WAPM.3, WAPM.4) results in deterioration of the RMSE (the same pattern may be seen for the WACFM method although the numerical instability of the algorithm makes it difficult and it is the reason that the results are not presented). Table 10 . RMSE for zero-mean Gaussian noise with amplitude described by function A 0 (·).
Next experiment studies influence of the partition on the root mean square error in the case presented in figure 3 , where the cycles of the signal were disturbed by nonstationary Gaussian noise with the noise amplitude described by function A 2 (·). It is interesting case because here the best seems to be the WAPM method and using the Bayesian methods results in the same value of RMSE. In this experiment the RMSE for the traditional arithmetic averaging method is equal 25.25697 and detailed results for the weighted averaging methods are presented in  table 11 . Table 11 . RMSE for zero-mean Gaussian noise with amplitude described by function A 2 (·).
The results presented in table 11 show that the partition in the case of methods based on statistical inference improves the results, even significantly for the EBWA.C method (the RMSE decreases more than twice).
The improvement or deterioration of results obtained using the partition are not expected in the cases when the amplitude of noise is constant within each cycle. The difference can be explained by randomness of the noise level in each part of the divided signal cycle despite the same value of standard deviation of random variable with Gaussian distribution which characterize the noise. Utility of the partition seems to be obvious in the cases when the assumption of noise amplitude constancy within each cycle is not hold. Presented below results of numerical experiments where the the amplitude of noise is not constant within each cycle show improvement of the root mean square errors for all tested methods. Figure 6 presents the ECG signal to be averaged in this experiment, which is disturbed by Cauchy noise. The location parameter of Cauchy distribution is equal to 0 and the scale parameter is set to 0.01s, where s is the standard deviation of the deterministic component, i.e. the original ANE20000 signal. Table 12 . RMSE in the case of Cauchy noise with scale parameter 0.01s.
Analyzing the results it can be observed the improvement of the root mean square errors for all tested methods at least for some values of K. As was mentioned in the subsection 2.3.1 in the case of sharp partition incorrectly chosen number of parts may cause the deterioration of the results. Figure 7 presents the ECG signal to be averaged in the last experiment, which is disturbed by Cauchy noise with the location parameter 0 and the scale parameter 0.05s, the standard deviation of ANE20000 signal. Table 13 . RMSE in the case of Cauchy noise with scale parameter 0.05s.
Such great distortion of the signal in real cases obviously causes rejection of the disturbed signal, however this example shows that having the a priori information about the number of cycles and the length of the single cycle allows using some weighted averaging methods which recover the data with the relatively small error (compare the RMSE 2143.182, for the arithmetic averaging, and 8.407, for the SEBWA method with the sharp partition for K = 5).
Summary
This chapter presents several methods of weighted averaging: based on criterion function minimization (WACFM, WAPM) and on statistical inference (EBWA.1, EBWA.3, EBWA.C, SEBWA) together with fuzzy extensions, which use the fuzzy partition the signal cycle as well as using fuzzy numbers as coefficients of weight vector. The adaptation of SEBWA method to filtering of 2D images is also presented. This study reveals the fundamental differences among the weighted averaging methods and presents, through several numerical experiments, how these differences affect the quality of the averaged signal. The most frequently used method, due to its simplicity, is the arithmetical averaging. The improvement of results obtained by the method can be reached rejecting the very noisy cycles. Averaging with rejecting very noisy cycles can be treated as weighted averaging method where the weights corresponding these cycles are set to zero. The crucial problem is how to find these cycles. The presented weighted averaging methods implement the automatic determining the weights, such that the most noisy cycles have the smallest weights (even zero in particular) and the least noisy ones receive the greatest weights, which increase their influence on the resulting averaged signal. Analyzing the presented results of performed numerical experiments, it is difficult to determine the best method, because for various power and type of noise accompanying the signal, different methods appear to give the best results.
